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Black phosphorus (bP) is a promising two-dimensional (2D) material for opto-electronic appli-
cations. Strongly bound excitons with binding energies up to 0.3 eV and remarkably large trion
binding energies up to 100 meV have been observed for supported monolayer bP. Surprisingly, this
trion binding energy is significantly larger than those found in other 2D materials (e.g. about
30 meV in transition metal dichalcogenides). This has previously been ascribed to the quasi-1D
nature of bP. In this work we show, using first principles calculations, that the trion binding energy
of bP is indeed large (80 meV) when referenced to the lowest bright exciton but only 30 meV when
its energy is measured relative to the lowest dark exciton. Our analysis thus shows that the trion
binding energy in bP is not larger than in other 2D materials, and the previous conclusions have
to be understood incorporating the large splitting between the dark and bright excitons in bP. We
also explore the effect of substrate and in-plane strain of the exciton and trion binding energies and
show that these effects do not change the main conclusions. Our results correct the misconception
that trion binding energies in monolayer bP are particularly large due to its quasi-1D structure and
contribute to the establishment of more a detailed understanding of optical properties of atomically
thin semiconductors.
Introduction
While black phosphorus (bP) has been known in its bulk
form for years the strong interest in 2D materials has lead
to the mechanical exfoliation and intensive research on
thin films down to monolayers [1–11]. In particular bP is
highly anisotropic and exhibits several interesting prop-
erties such as a band gap in the visible spectrum and a
large hole-mobility which leads to good transport proper-
ties. As for other 2D semiconductors, the optical proper-
ties of few-layer bP are dominated by localized electronic
excitations, most notably excitons (neutral electron-hole
pairs) and charged trions (positive e-h-h or negative e-
e-h complexes). Overall, these properties make bP very
interesting for opto-electronic devices.
Recently, Yang et al. have reported surprisingly large
trion binding energies of ∼ 100 meV in monolayer bP on
SiO2/Si substrate [8] even though the measured exciton
binding energies of 0.3 eV are not particularly large (com-
pared to other 2D semiconductors with similar band gaps
[12]). In 2016 Xu et al. claimed even larger trion binding
energies of ∼ 160 meV in few-layer bP at room tempera-
ture and justified them by the “quasi-1D nature” of bP
[13]. Using Wannier-Mott theory Chaves et al. have
found smaller trion binding energies of up to 50 meV in
the monolayer bP [14] which is still a factor of two larger
than those of transition metal dichalcogenides (TMDCs)
[15]. At first sight, the explanation that the quasi-1D
structure of bP is responsible for the huge trion binding
energies appear plausible. Indeed, in other 1D systems
like carbon nanotubes and graphene nanoribbons trion
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binding energies of more than 100 meV have been mea-
sured and predicted [16–20]. However, the theoretical
studies have shown that large trion binding energies come
along with large exciton binding as both result from the
enhanced Coulomb interaction in these low dimensional
materials [18–20].
To resolve the discrepancy between large trion binding
energies and moderate exciton binding energies in the
monolayer bP, we employ ab initio calculations treating
trions and excitons on an equal footing [2, 21–23]. We
find that trions in bP have similar anisotropic proper-
ties as the excitons and their binding energies are only
about 30 meV below the lowest (triplet) exciton. Their
binding energies are thus similar to other 2D materials,
while the energetic separation of the bright trion and the
lowest bright (singlet) exciton is distinctly larger (about
80 meV) explaining the previously reported extraordi-
nary binding energies. Finally, we show that substrate
screening and in-plane strain (which might be present in
experiment) only slightly modify the binding energies but
do not qualitatively change our conclusions.
Free-standing monolayer black phosphorus
Black phosphorus is a highly anisotropic material. As
discussed in many previous works (e.g. Ref. [2]) it forms
1D-like chains which we align to the y axis in this work.
This results in highly anisotropic electronic properties as
evident from the band structure in Fig. 1 (see method
section for further details). In particular this anisotropy
is clearly visible close to the direct gap at Γ. While
for Γ → Y a parabolic dispersion is found, the Γ → X
direction is distinctly more flat. We calculate effective
masses of 0.2/4.3m0 for the holes in the valence band
along kx/ky and 0.2/1.1m0 for electrons in the conduc-
tion band (when applying the GW approximation). To
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FIG. 1. Band structure employing the LDA (grey), in the
GdW approximation (dashed blue), and in the GW approxi-
mation (black). In all calculations the valence band maximum
has been set to zero. The insets show the a top view of the
unit cell and the 2D Brillouin zone.
investigate the influence of the supporting surface we
will employ the GdW approximation [24] as well. Note
that this approximation leads to nearly identical effective
masses while the gap of 1.99 eV is slightly smaller than
2.09 eV using the GW approximation (LDA: 0.91 eV).
Overall band structures in both approaches (GdW and
GW ) are in good agreement and compare well with pre-
vious studies [1, 2]. Previous calculations for the direct
gap at Γ ranges from 2.03 eV [25] to 2.31 eV [6], in decent
agreement with experimental results of 2.2 eV [7].
In the next step we will focus on the asymmetric op-
tical properties which we evaluate the optical properties
by solving the Bethe-Salpeter equation [26, 27] in the
Tamm-Dancoff approximation. This leads to the diago-
nalization of the Hamiltonian
Hˆ
(eh)
vc,v′c′ = (c − v)δcc′δvv′ − (Wv′c,vc′ − Vv′c,c′v), (1)
in the electron-hole pair basis with v = (v,kv) de-
noting the band and k index of the hole, respectively.
This Hamiltonian consists of the difference of the quasi-
particle energies (c − v) as well as the screened/bare
Coulomb interaction (W/V ) and may lead to bound
electronic excitations below the band gap. The posi-
tively and negatively charged trions (electron-hole-hole
or electron-electron-hole) are described by our recently
developed methodology [19], which has been successfully
applied to carbon nanotubes as well as 2D materials
[19, 28]. E.g. the matrix elements of the eeh Hamil-
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FIG. 2. Optical absorption spectrum of excitons with polar-
ization in the x direction. The black curve shows the results
of the BSE based on GW while the dashed grey shows the
GdW+BSE result (both calculations employ a 30×42 mesh).
In addition the GdW spectrum is shifted upwards by 0.1 eV to
match the GW band gap (blue curve). A Lorentzian broaden-
ing of 50 meV is applied. In the inset we show the polarization
of the two lowest optical bright excitons X01s and X
0
2s.
tonian are given by
Hˆ
(eeh)
vc1c2,v′c′1c
′
2
=(c1 + c2 − v)δc1c′1δc2c′2δvv′
+ (Wc1c2,c′1c′2 −Wc1c2,c′2c′1)δvv′
− (Wv′c1,vc′1 − Vv′c1,c′1v)δc2c′2
− (Wv′c2,vc′2 − Vv′c2,c′2v)δc1c′1 . (2)
To provide a reliable description of the optical properties
we have converged the employed meshes (for the band
structure, self energy, and the electron-hole interaction)
as well as the number of used valence and conduction
bands.
Having solved the BSE (1) and trion Hamiltonian (2)
we can compare the optical absorption spectra of neutral
excitations employing the GW and GdW approximation
in Fig. 2. The lowest excitations arise from transitions
between the highest valence and lowest conduction band
close to Γ. The first two optical bright states have 1s
(X01s) and 2s (X
0
2s) character and their energies with re-
spect to the ground state are found at 1.54 and 1.76 eV.
We note that our results include the dark X02py in be-
tween these states, which is shifted below the 2s state
due to the inhomogeneous screening [29] and the asym-
metry as discussed in Ref. [30]. In comparison to the
GW+BSE approach (black) the optical spectrum em-
ploying GdW+BSE is shifted to lower energies by about
0.1 eV which is a consequence of the reduced gap. To
compare the relative alignment of the GdW and GW
approximation we employ a rigid scissors shift to match
the gap (blue dashed line). Both spectra are in excel-
lent agreement, both in terms of spectral positions and
optical weights.
3While the spectra in Fig. 2 are shown for light polar-
ization in the x direction, the inset reveals the polariza-
tion with respect to the ΓX (arm-chair) direction. For
both low-energy states X01s and X
0
2s we observe a distinct
asymmetric behaviour. We note that the first optically
bright transition in for light polarized in the y direction
is far above the band gap (see e.g. Ref. [2]). Therefore
we focus on light polarization in x in this study.
Beside the neutral excitons we consider positively and
negatively charged trions which have been much less dis-
cussed theoretically and mostly based on models. Em-
ploying our ab initio derived Hamiltonian (2) we find
strongly bound trions [Fig. 3(a)]. The lowest trion state
X+1s is found at 80 meV below the corresponding X
0
1s exci-
ton which is typically defined as the trion binding energy
ETr
+
b = EX+1s
− EX01s . (3)
A detailed discussion of the splitting of different peaks
can be found at the end of this section. We note in
passing that we find several additional resonant trions
and trions corresponding to higher lying excitons [20]. If
we assume a negative doping, very similar result are ob-
served. We find the trion binding energy of positive and
negative species to deviate only by about 1 meV (nega-
tively charged trions are lower in energy) which is at the
limit of our the accuracy.
Employing Wannier-Mott theory Chaves et al. [14]
have observed qualitatively similar results. Their calcu-
lations show excitons (with binding energies of 0.74 eV)
and trions (with binding energies of 52 meV) below the
quasi-particle gap of 2.49 eV. While we find a slightly
smaller gap and exciton binding energy, our trion bind-
ing energy turns out to be slightly larger. We speculate
that this may be related to the slightly different effective
masses as well as to the employed model which does not
capture the full q-dependency of the dielectric function.
While in other semiconducting 2D materials (like tran-
sition metal dichalcogenides [31]) the spin-orbit interac-
tion is large, its influence is negligible for black phospho-
rus (and it is therefore excluded from our calculations).
Hence the spin remains a good quantum number and
for the exciton we observe four different possible spin
states. This includes three optically dark triplet states
[|↑↑〉, 1/√2(|↑↓〉+|↓↑〉), and |↓↓〉] and one optically bright
singlet state [1/
√
2(|↑↓〉 − |↓↑〉)] [26]. For black phospho-
rus we find the triplet states 50 meV lower than the sin-
glet state. In comparison to excitons, the combination of
the three different spins and splitting of charged trions is
slightly more complicated. Mixing the triplet state with
a further particle results in a quartet |S = 32 〉 and a dou-
blet |S = 12 〉. A further doublet |S = 12 〉 stems from the
mixing of the additional spin with the previous singlet
state. For energetically low-lying states in bP we find
that the latter doublet is optically active while the six
other states are dark. While the dark quartet is slightly
lower in energy we find the doublets only marginally split
in energy. The resulting excitation spectrum is sketched
TABLE I. Shift of the quasi-particle band gap, the excitation
energies and corresponding binding energies due to a SiO2
substrate in meV. The results are evaluated using the GdW
approximation.
Egap E
X0
1s E
X01s
b E
X+
1s E
X+1s
b
−160 −60 −100 −50 −10
in Fig. 3(c). We note that exactly at Γ only one bright
doublet can be realized due to the Pauli exclusion prin-
ciple. Furthermore we emphasize that the bright trion
(doublet) will split in a magnetic field in contrast to the
bright excitons (singlet state),
Having discussed the different spin states, we come
back to the discussion of the large trion binding en-
ergy. Eq. (3) uses the bright exciton X01s as reference
(which is easily accessible experimentally), however the
dark exciton D01s (|S = 1〉) can also form a bright trion
by binding an additional electron (hole) from the CBM
(VBM). The trion binding energy with reference to D01s is
about 30 meV and thus of similar similar size compared
to other 2D material (e.g. TMDCs [15, 28, 32]). There-
fore we trace back the large trion binding energy to the
spin structure in contrast to previous studies arguing for
the “quasi-1D” nature of bP [8, 13].
Strain and dielectric polarisation of the substrate
Until now we have discussed the properties of the free-
standing monolayer. However, such a perfect undis-
turbed system is hard to achieve experimentally. Mono-
layers are typically placed on the substrate, e.g. SiO2
[8]. This changes their dielectric environment and will
thus influence the electronic and optical properties. Fur-
thermore the monolayer properties may be modified by
strain, which might stem from alignment to the sub-
strate.
To account for the dielectric screening by the surface
we apply the GdW method [24]. The substrate is sim-
ulated by 6 layers of SiO2 in a distance of 3 A˚ from the
black phosphorus. As discussed previously (for details
of this procedure see Refs. [28, 33]) we only include the
dielectric response of the substrate. The resulting differ-
ences of bP in vacuum and above the surface are shown
in Tab. I. As observed for other 2D material [28], we
find a large renormalization of the gap as well as a de-
crease of the exciton binding energy due to the additional
screening by the substrate. However, these effects do not
perfectly cancel and a small red-shift of 60 meV remains
for X01s. Similar as the neutral exciton also the X
+
1s trion
is red-shifted. These shifts result in a slightly reduced
trion binding energy. In Ref. [14] Chaves et al. modelled
the effects of substrates (dielectric constant 2 = 3.8).
They observe a slightly larger decrease of exciton and
trion binding energy. However their change of 17 meV is
in reasonable agreement with the results of the ab initio
calculation. We note that the energetically lowest dark
exciton changes in a similar way and within our numeri-
cal accuracy we find the same results as shown in Tab. I.
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FIG. 3. (a) Optical absorption spectrum of neutral excitons (black) and positively charged trions (red) employing a 15×21×1
mesh. We note that we cannot determine the relative weight of excitons and trions, which are shown in the limit of vanishing
doping. A Lorentzian broadening of 20 meV is applied. (b) Polarization of the lowest bright trion X+1s compared to the X
0
1s
exciton. (c) Sketch of the energetic ordering including bright (singlet |S = 0〉 excitons and doublet |S = 1
2
〉 trions) and dark
excitations (triplet |S = 1〉 excitons and quartet |S = 3
2
〉 trions). In blue the differences to the singlet and triplet states are
indicated. We note that at Γ no |S = 3
2
〉 trions can be formed.
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FIG. 4. (a) Band gap, exciton and trion energy of black phosphorus as function of the applied biaxial strain. The corresponding
quasi-particle calculations are evaluated employing the GW approximation. (b) Energy shift of exciton and trion binding energy
[differences of curves in (a)] with respect to the applied biaxial strain. (c) Band gap, exciton and trion energy for as function
of the applied uniaxial strain (along the chain axis). The lines are shown as guide to the eye.
Next, we apply biaxial strain to the bP monolayer (as
previously discussed, e.g. in Ref. [6]). While fixing the
unit cell all atomic positions are relaxed. The energy
shift of the band gap, the exciton and trion energy (of
the lowest bright state) are shown in Fig. 4(a). All three
quantities change nearly linearly for small applied strains.
However, the different gradients result in modified exci-
ton and trion binding energies [Fig. 4(b)]. For example
stretching the material by 2% leads to a blue-shifted ex-
citon and trion peaks by about 0.2 eV while the exciton
(trion) binding energy EX
0
b (E
X0
b ) is only increased by
about 30 meV (10 meV).
Furthermore it is instructive to investigate these quan-
tities applying uniaxial strain in the strongly asymmet-
ric monolayer. E.g. Du et al. have shown that uniaxial
strain along the chain axis leads to negative Poisson ratio
in monolayer bP [34]. The energy shifts of the electronic
and optical properties (Fig. 4(c)) show two interesting
characteristics: (i) The energy shift is distinctly reduced
compared to biaxial strain and (ii) the change of band
gap and excitation energies are practically identical, i.e.
the exciton/trion binding energy is unchanged (within
our numerical accuracy) in contrast to biaxial strain. We
note that the different behaviour of uniaxial and biaxial
strain is already observed in our DFT calculations (DFT
band gap). Here we find that the band gap increases
when increasing a1 or a2, respectively. Thus for uniax-
ial strain the increase of the band gap when increasing
5the lattice in one direction is largely compensated by the
decrease in the second direction while they add up for
biaxial strain.
In comparison to the experimental trion binding en-
ergy of ∼ 100 meV on a SiO2 substrate [8] our calculated
trion binding energy is lower. On the substrate we find
about 70 meV which might be slightly increased due to
strain. As also concluded by Chaves et al. [14] we believe
that the experimental value is only an upper bound and
needs to be validated or corrected in the limit of van-
ishing doping. In contrast to Chaves et al. our ab initio
calculations predict the trion binding energy with respect
to the bright singlet exciton to be distinctly higher than
for other 2D materials [28], while it is of similar size com-
paring with reference to the dark triplet exciton.
In summary, our results resolve the discrepancy be-
tween large trion binding energies and moderate exciton
binding energies in the monolayer black phosphorus. By
using first principles methods we find a trion binding en-
ergy of 30 meV with reference to the lowest (dark) exci-
ton, which is of similar size compared to other 2D materi-
als. Only when referenced to the lowest bright exciton a
larger splitting of the exciton and trion of about 80 meV
is observed. Because monolayers are typically placed on
a substrate in experiment, we investigate the influence
due to its dielectric screening. We find a small red shift
of the excitations and slightly reduced binding energies
similar to those found in other 2D materials. By apply-
ing negative biaxial strain this red shift can be enhanced
or even turned into a small blue shift for positive strains.
Methods
To describe the optical properties of black phosphorus
(bP) from first principles we apply a hierarchy of meth-
ods. The structure is determined by a DFT calculation
employing GPAW [35]. We have employed the gener-
alized gradient approximation (PBE) [36], a cutoff of
800 eV for the plane wave basis and a 14 × 10 mesh to
sample the first Brillouin zone. Using a fixed vertical
cell size of 30 A˚ we have optimized the two-dimensional
unit cell and its atoms until the stresses and forces are
below 0.005 eV/A˚, respectively. We find the unit cell
to be 3.306 A˚×4.629 A˚ with a P-P distance of 2.22 A˚.
These results are in good agreement to previous find-
ings of Liu et al. [1]. We note that these are only minor
changes compared to the optimized bulk lattice vectors
of 3.313 A˚×4.564 A˚×11.315 A˚. When we apply strain we
change the unit cell size and only optimize the atomic
positions.
For the further calculations we apply a Gaussian basis
set [37, 38] (we use s, p, d, and s∗ functions with decay
constants between 0.16 and 1.87 (in a.u.) to describe the
P atoms). The electronic properties are evaluated and
compared between LDA, GdW (LDA) [24], and the GW
approximation. The last two methods require a second,
auxiliary basis set to represent the two-point quantities
(dielectric function, screened Coulomb interaction, etc.).
For GW we employ a plane wave basis with a cutoff of
7 Ry which is able to describe the gap with an accuracy of
less than 50 meV compared to the result extrapolated to
an infinite basis size (NPW →∞). In GdW the numerical
requirements are reduced and a cutoff of 3 Ry is sufficient.
To account for vanishing interactions to the neighbour-
ing layers we extrapolate the band gap to z →∞. For a
detailed discussion of the convergence of excitons and tri-
ons employing this methods we referee to previous studies
[28, 32].
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